Abstract. The main theorem states that any complete connected Riemannian manifold of bounded geometry can be isometrically realized as a leaf with trivial holonomy in a compact Riemannian foliated space.
Introduction
Recall that a foliated space X ≡ (X, F) of dimension n is a topological space X equipped with a partition F into connected manifolds (leaves) so that the X can be locally described as a product B × Z, where B is an open ball in R n and Z any topological space (local transversal), and the slices B × { * } correspond to open sets in the leaves. This F is called a foliated structure or lamination. Foliated spaces are usually assumed to be Polish to get better properties. Many basic notions about foliations can be obviously extended to foliated spaces, like foliated charts, plaques, foliated atlas, holonomy pseudogroup, holonomy group and holonomy covering of the leaves, minimality, transitivity, foliated maps, etc. Some basic results can be extended as well; for instance, there is an obvious version of the Reeb local stability theorem, and the union of leaves without holonomy is a meager subset if X is second countable. Interesting classes of foliated spaces show up in several areas of mathematics, like in dynamics, arithmetics, tessellations, graphs and foliation theory (minimal sets).
A C ∞ foliated structure is given by a foliated atlas whose changes of coordinates are leafwise C ∞ , with ambient-space-continuous leafwise derivatives of arbitrary order. This gives rise to the concept of C ∞ foliated space. To emphasize the difference, the foliated structure underlying a C ∞ foliated structure may be called topological. On a C ∞ foliated space X ≡ (X, F), the concept of C ∞ function is defined by requiring that its local expressions, using foliated coordinates, are leafwise C ∞ , with ambient-space-continuous leafwise partial derivatives of arbitrary order. C ∞ bundles and sections also make sense on X, defined by requiring that their local descriptions are given by C ∞ functions in the above sense. For instance, the tangent bundle T X (or T F) is the C ∞ vector bundle on X that consists of the vectors tangent to the leaves, and a Riemannian metric on X consists of Riemannian metrics on the leaves fitting together nicely to form a C ∞ section on X. This gives rise to the concept of Riemannian foliated space.
Theorem 1.4. The following properties hold:
(i) M ∞ * ,imm (n) is Polish and dense in M ∞ * (n). (ii) F * ,imm (n) is a foliated structure of dimension n. (iii) F * ,imm,o (n) is transitive. (iv) There is a unique C ∞ foliated structure F ∞ * ,imm (n) on M ∞ * ,imm (n), whose underlying topological foliated structure is F * ,imm (n), such that ev : M ∞ * ,imm (n) → E is a C ∞ immersion.
(v) There is a unique Riemannian metric on M ∞ * ,imm (n) ≡ ( M ∞ * ,imm (n), F ∞ * ,imm (n)) such that ι M,f : M → ι M,f is a local isometry for all complete connected Riemannian n-manifold M and f ∈ C ∞ imm (M, E).
(vi) For all M and f as above, the mapι M,f : M → imι M,f is the holonomy covering of the leaf imι M,f .
It is possible to give a version of Theorem 1.4 closer to [1, Theorem 1.3] , using the subspace M ∞ * ,lnp (n) consisting of the classes [M, f, x] such that M → Iso(M, f )\M is a covering map. Such a result could be proved with the obvious adaptation of the proof of [1, Theorem 1.3] , using the exponential map to define foliated charts. Instead, we have opted for studying M ∞ * ,imm (n) because, in this case, the immersions f directly provide foliated charts.
The following result states that M ∞ * ,imm (n) is universal among the class of Polish Riemannian foliated spaces that satisfy a condition called covering-continuity (Definition 6.1). Theorem 1.5. A Polish Riemannian foliated space X of dimension n with complete leaves is isometric to a saturated Riemannian foliated subspace of M ∞ * ,imm (n) if and only if X is covering-continuous. In Theorem 1.5, when X consists of a single leaf M , the isometric injection of M into M ∞ * ,imm (n) isι M,f for any C ∞ embedding f : M → E. If moreover M of bounded geometry, then f can be chosen so that Cl ∞ (imι M,f ) is a compact Riemannian foliated subspace of M ∞ * ,imm (n) (Proposition 7.1). Then Theorem 1.1 follows by considering the isometric injectionι M,f : M → Cl ∞ (imι M,f ).
There are examples of Lie groups with left invariant metrics that are not coarsely quasi-isometric to any finitely generated group [7] , [11] . Applying the above argument to those Riemannian manifolds, we get compact Riemannian foliated spaces whose leaf holonomy covers are not coarsely quasi-isometric to any finitely generated group. Theorem 1.1 contrasts with the examples of connected Riemannian manifolds of bounded geometry whose quasi-isometry type cannot be realized as leaves of foliations of codimension one on closed manifolds [2] , [37] , [30] , [31] . If the metric is not considered, any surface can be realized as a leaf of a codimension one foliation on a closed manifold [6] , but this fails in higher dimension [12] , [19] , [2] , [35] , [32] . The study of this realizability problem was initiated in [34] .
This work can be considered as a continuation of [1] , and therefore many references to [1] are included.
Preliminaries
Let M be a Riemannian manifold (possibly with boundary or corners). The following standard notation will be used. The metric tensor is denoted by g, the distance function on each of the connected components of M by d, the tangent bundle by π : T M → M , the Levi-Civita connection by ∇, and the open and closed balls of center x ∈ M and radius r > 0 by B(x, r) and B(x, r), respectively. If needed, "M " will be added to all of the above notation as a subindex or superindex; when a family of Riemannian manifolds M i is considered, we may add the subindex or superindex "i" instead of "M i ". A covering space of M is assumed to be equipped with the lift of g.
M is identified with a regular submanifold of T (m) M via zero sections, and therefore, for each x ∈ M , the notation x may be also used for the zero elements of
M be the vector bundle projection given by composing the tangent bundle projections; in particular, we have π :
Hilbert manifolds are also considered in some parts of the paper, using analogous notation. The Levi-Civita connection determines a decomposition T (2) M = H ⊕ V, as direct sum of the horizontal and vertical subbundles. The Sasaki metric on T M is the unique Riemannian metric g (1) so that H ⊥ V and the canonical identities H ξ ≡ T ξ M ≡ V ξ are isometries for every ξ ∈ T M [27] . Continuing by induction, for m ≥ 2, the Sasaki metric on
is used for the corresponding distance function on the connected components, and the corresponding open and closed balls of center ξ ∈ T (m) M and radius r > 0 are denoted by B (m) (ξ, r) and B (m) (ξ, r), respectively. We may add the subindex "M " to this notation if necessary, or the subindex "i" instead of "M i " for a family of Riemannian manifolds M i . From now on, T (m) M is assumed to be equipped with g (m) . For l < m, T (l) M becomes a totally geodesic Riemannian submanifold of T (m) M orthogonal to the fibers of π : Let (U ; x 1 , . . . , x n ) be a chart of M . As usual, the corresponding metric coefficients are denoted by g ij , and write (g ij ) = (g ij ) −1 . Identify the functions x i with their lifts to T U . We get a chart ( 
Let Ω ⊂ M be a compact domain and m ∈ N. Fix a finite collection of charts of M that covers Ω, U = {(U a ; x 1 a , . . . , x n a )}, and a family of compact subsets of M with the same index set as U, K = {K a }, such that Ω ⊂ a K a , and K a ⊂ U a for all a. The corresponding C m norm of a C m tensor T on Ω is defined by
where T K a,J are the coefficients of T on U a ∩ Ω with respect to the frame induced by (U a ; x 1 a , . . . , x n a ). With this norm, the C m tensors on Ω of a fixed type form a Banach space, whose underlying topology is called 4 The standard multi-index notation is used here.
the C m topology. By taking the projective limit as m → ∞, we get the Fréchet space of C ∞ tensors of that type, whose underlying topology is called the C ∞ topology (see e.g. [18] ). We will always consider the C k topology for C k tensors on Ω of a given type (k ∈ N ∪ {∞}); in particular, C k (Ω) is always assumed to be equipped with the C k topology. Observe that U and K are also qualified to define the norm
for any compact subdomain Ω ′ ⊂ Ω. It is well known that C m ,Ω,U,K is equivalent to the norm
i.e., there is some C ≥ 1, depending only on M , Ω, U, K and g, such that 1
In particular, for m = 0 and f ∈ C ∞ (M ),
which is independent of the choices U, K and g. The norms C m ,Ω,U,K and C m ,Ω,g have straightforward extensions to tensors with values in a separable Hilbert space E, and satisfy the obvious versions of (1) and (2), and C k (M, E) is assumed to be equipped with the
is also C ∞ and with values in a separable Hilbert space. In the following lemma, we consider the local representations of f and every f 
is the section of π :
Proof. By using induction on m, the result clearly boils down to the case m = 1. But, in this case, the statement follows because f * ≡ (f, df ) :
By using the supremum on Ω instead of the maximum, the definition of C m ,Ω,g can be extended to any non-compact n-submanifold Ω ⊂ M (including Ω = M ), with possible infinite values. The tensors on Ω with finite norm C m ,Ω,g are said to be uniformly C m , or C m b . For a given type, they form a Banach space, and the corresponding projective limit as m → ∞ is a Fréchet space, whose elements are said to be uniformly C ∞ , or C 
≤r M is a manifold with boundary; otherwise, it is a manifold with corners. Also, define T (m),≤r M by induction on m ∈ Z + , setting
If φ is a quasi-isometry of order m for all m ∈ N, then it is called a quasi-isometry of order ∞. If there is a quasi-isometric diffeomorphism M → N of order m ∈ N ∪ {∞}, then M and N are said to be quasi-isometric with order m. The property of being a quasi-isometry of order m is preserved by the operations of composition of maps and inversion of 5 Kronecker's delta is used here.
diffeomorphisms [1, Proposition 3.9] , and therefore it induces an equivalence relation between Riemannian manifolds.
For m ∈ N, a partial map φ : M N is called a C m local diffeomorphism 6 if dom φ and im φ are open in M and N , respectively, and φ : dom φ → im φ is a C m diffeomorphism. If moreover φ(x) = y for distinguished points, x ∈ dom φ and y ∈ im φ, then it is said that φ : (M, x) (N, y) is a pointed C m local diffeomorphism. For m ∈ N, R > 0 and λ ≥ 1, a C m+1 pointed local diffeomorphism φ : (M, x) (N, y) is called an (m, R, λ)-pointed local quasi-isometry, or a local quasi-isometry of type (m, R, λ), if the restriction φ
(Partial) quasi-equivalences
Let M and N be Riemannian n-manifolds, let f ∈ C ∞ (M, E) and h ∈ C ∞ (N, E), and let x ∈ M and y ∈ N . Recall from Section 1 the concepts of an equivalence (M, f ) → (N, h), and a pointed equivalence
, with values in a separable Hilbert space. Note also that
Definition 3.1. Let λ ≥ 1 and ε ≥ 0, and let φ :
If moreover distinguished points x and y are preserved, then
For a submanifold Ω ⊂ M and f ∈ C ∞ (M, E), the notation (Ω, f ) is used for (Ω, f | Ω ).
Proposition 3.2. The following properties hold for any m ∈ N, λ, µ ≥ 1 and ε, δ ≥ 0: (i) There is some ν ≥ 1, depending on m, λ and µ, such that, if φ :
Proof. By [1, Proposition 3.9], we only have to check the conditions on the E-valued functions. Thus (i) follows because, for each ξ ∈ T (m) M , we have
Similarly, (ii) follows because, for each ζ ∈ T (m) N , Now, suppose that M and N are connected, complete and without boundary. 6 The term "C m local diffeomorfism" (m ≥ 1) is also used in the standard sense, referring to any C m map M → N whose tangent map is an isomorphism at every point of M . The context will always clarify this ambiguity.
Lemma 3.5. The following properties hold:
there is a compact domain Ω
r ) and ε ∈ (0, r).
Proposition 4.2. The following properties
7 hold for all m, m ′ ∈ N and R, S, r, s > 0: 7 The following standard notation is used for a set X and relations U, V ⊂ X × X:
Moreover the diagonal of X × X is denoted by ∆.
Proof. Properties (ii) and (iii) are elementary, and (i) and (iv) are consequences of Lemma 3.5. 
, and the combination of the maps ψ i is a pointed isometry ψ : (M, x) → (N, y). For every x ′ ∈ M and ε > 0, there are some i and δ > 0 so that
Since x ′ and ε are arbitrary, it follows that ψ : 
Remark 3. By (1), and its version for E-valued functions, a sequence [ 
. Let U be a finite collection of charts of M with domains U a , and let K = {K a } be a family of compact subsets of M , with the same index set as U, such that K a ⊂ U a for all a, and B M (x, R) ⊂ Int(K) for K = a K a . Let r ′ > 0, to be fixed later.
According to the proof of [1, Proposition 6.4-(i)], if r ′ is small enough (depending on m, R, r and [M, x]), then there is some compact domain
. Given ε ∈ (0, r), choose some C ≥ 1 satisfying (1) for E-valued functions with U, K, Ω ′ and g, and, according to Lemma 2.1-(i), choose some ε ′ > 0 such that
Proposition 4.6. The following properties hold: 
for all a and µ. Thus, by Lemma 2.1-(ii), there is some ε ′ > 0, depending on r and ρ, such that
Suppose that moreover r ′ < ε ′ , and therefore ε < ε ′ . Then
Corollary 4.7. The C ∞ convergence in M * (n) describes the topology induced by the C ∞ uniformity.
Proof. This is a direct consequence of Remark 3 and Propositions 4.5 and 4.6.
According to Corollary 4.7, the C ∞ uniformity induces what was called the C ∞ topology in Section 1. Recall that the corresponding space is denoted by M ∞ * (n), and the notation Cl ∞ is used for the closure operator in M ∞ * (n). 
is dense in M ∞ * (n). Proposition 4.9. The C ∞ uniformity is complete and metrizable.
Proof. According to [36, Corollary 38.4] , the C ∞ uniformity on M * (n) is metrizable because it is separating and the sets U k,1/k (k ∈ Z + ) form a countable base of entourages. To check that this uniformity is complete, consider an arbitrary Cauchy sequence
By taking a subsequence if necessary, we can suppose that (
for some λ i ∈ (1, e ri ) and ε i ∈ (0, r i ). Thenλ i := j≥i λ j < er i andε i := j≥i ε j <r i . Moreover each φ i can be assumed to be C ∞ by Remark 2-(iii). For i < j, the pointed local quasi-equivalence
A bar is added to this notation when the corresponding closed balls are considered. We have
i+1 is the restriction of g
; thus Ω i ⊂ B 
This assertion follows by showing that the restrictions of the functions f ij := ψ * ij f j to Ω i , for j ≥ i, form a convergent sequence in C mi (Ω i , E). Equivalently, we show that f ij | Ωi is a Cauchy sequence with respect to
). Let U i be a finite collection of charts of M i with domains U i,a , and let K i = {K i,a } be a family of compact subsets of M i , with the same index set as U i , such that K i,a ⊂ U i,a for all a, and
Thus Ω i ⊂ K i . Choose some C i ≥ 1 satisfying (1) for E-valued functions with U i , K i , Ω i and g i . With the notation of Section 2, for any ρ > 0 and n + 1 ≤ µ ≤ 2 mi n, let σ
be the section of each
), there is some ρ > 0 so that
for all a and µ. Thus, by Lemma 2.1-(ii), given any ε > 0, there is some δ > 0, depending on ε and ρ, such that
For j large enough, we haveε j < δ, giving
by (4), (5) and (1). This shows that f ij | Ωi is a Cauchy sequence in the Banach space C mi (Ω i , E) with C m i ,Ωi,gi , and therefore it is convergent. This completes the proof of Claim 1. According to Claim 1, for each i,
Hence there is a functionf ∈ C ∞ ( M , E) whose restriction to every Ω i isf i∞ . From (4), we get f (mi) 
Thus it is enough to prove that each intersection M 
For every i, let r i = max x∈Mi d(x i , x), and let B i = B i (x i , r i /2) and B ′ i = B i (x i , 2r i /3). Let N be a C ∞ connected manifold obtained by modifying i M i on the complement of i B ′ i ; for instance, we can take N equal to the C ∞ connected sum M 0 # M 1 # · · · , constructed by removing balls in the sets M i B ′ i . Equip N with a complete Riemannian metric g N whose restriction to each B i is g i . For instance, we can take g N = λg ′ + µg ′′ , where {λ, µ} is a C ∞ partition of unity of N subordinated to the open covering To define foliated charts in M ∞ * ,imm (n), fix some e ∈ E, and some linear subspace, V ⊂ E, of dimension n. Let Π V : E → V denote the orthogonal projection. For each complete connected Riemannian manifold M and any f ∈ C
Proof. The map χ equals the following composite of continuous maps:
where the translation by −e in E is also denoted by −e.
Given ρ, σ > 0 and κ > 1, let B = B V (0, σ), and consider the following subsets of M ∞ * ,imm (n):
Using [18, Lemma 2.1.3], it easily follows that, for each i ∈ {0, 1, 2}, the sets N i (V, e, ρ, κ, σ) form an open covering of M ∞ * ,imm (n) by varying (V, e, ρ, κ, σ). Lemma 5.6. Θ is continuous.
. Given m ∈ N and R, r > 0, for i large enough, there is an (m, R, λ i , ε i )-pointed local quasi-equivalence φ i : (M, f, x) (M i , f i , x i ) for some λ i ∈ (1, e r ) and ε i ∈ (0, r). Suppose that R > 3ρ and e r < 3/2; in particular, (x, 3ρ) ). (x, 3ρ) ) contains x i and is open in the connected space B i (x i , 2ρ). Then Claim 2 follows by showing that A is also closed in B i (x i , 2ρ). This holds since A = B i (x i , 2ρ)∩φ i (B M (x, 3ρ)) because, for every y ∈ M with d M (x, y) = 3ρ, we have
According to Claim 2, there is somex
Therefore, by the continuity ofι M,f , for any S, s > 0, if r is small enough and i large enough, there is an (m, S, µ i , δ i )-pointed local quasi-equivalence
) and δ i ∈ (0, s/2). On the other hand, observe that φ i : (M,x
Hence, if moreover R > e s/2 S + 2ρ and r < s/2, we get that
Lemma 5.7. Φ is bijective, and 0) is a pointed embedding (Lemma 5.5), and
is a pointed equivalence, and
Now, let us prove that Φ is surjective, showing the stated expression of
. Given m ∈ N and R, r > 0, if i is large enough, then v − v i < r, and there is an (m, R, λ i , ε i )-pointed local quasi-equivalence φ i : (M, f, x) (M i , f i , x i ) for some λ i ∈ (1, e r ) and ε i ∈ (0, r). Suppose that R > 3ρ and e r < 3/2; in particular, B M (x, 3ρ) ⊂ dom φ i . Like in Claim 2, we get
∞ * (n) like in the end of the proof of Lemma 5.6. Corollary 5.9. Φ is a homeomorphism.
Proof. This follows from Lemmas 5.4, 5.6, 5.7 and 5.8.
By Lemma 5.7, there is some
, and let Φ = ( χ, Θ) :
andṽ is the image of v by the composite
where (7) and (8) . Note that (8) makes sense by Lemma 5.5. Now, assume that (7) also holds using another pointỹ ∈ χ −1 M,f (0) instead ofx. Thus there is some
Since moreoverχ M,f (x) = 0 =χ M,f (ỹ), we getx =ỹ by Lemma 5.5. 
Mi,fi (0) be determined by
Assume that R > 2e r ρ. Then B i (x i , 2ρ) ⊂ B i (x i , R), and, like in Claim 2, we also get
Since the restrictions of (χ
to the respective compact domains Ξ (m) and χ
O are C ∞ embeddings, this restrictions are ν-quasi-isometric for some ν ≥ 1. Hence, by (9),
for all ξ ∈ Ξ (m) . On the other hand, like in (9), we get
Combining (10) and (11), we obtain the following for all ξ ∈ Ξ (m) :
Note that the same choices of Ξ and Ξ (m) are valid for all r small enough, obtaining that ( χ Mi,fi •χ
Moreover the same choice of Ξ is valid for all m, and therefore
M,f on Ξ with respect to the C ∞ topology by the obvious version of Lemma 2.1 for maps between open subsets of R n . Since every point in χ M,f (O) belongs to some domain Ξ as above if r is chosen small enough, it follows that
Now, let F ∞ * ,imm (n) denote the C ∞ foliated structure on M ∞ * ,imm (n) defined by the maps Φ according to Proposition 5.12.
Proposition 5.13. The following properties hold:
is the unique C ∞ foliated structure on M ∞ * ,imm (n) such that its underlying topological foliated structure is F * ,imm (n) and ev : 
M,f → 0 on Ξ with respect to the C ∞ topology. Since any element of B is contained some Ξ as above, it follows that ev •Φ −1 is a C ∞ immersion, and therefore ev : M ∞ * ,imm (n) → E is C ∞ with respect to M ∞ * ,imm (n). This shows (i), except uniqueness.
According to Lemma 5.7, for each chart Φ : N 2 → B ×Z, the plaque that corresponds to each
This shows that the leaf topology on M * ,imm (n) equals the topological sum of all possible spaces imι M,f with the topology so thatι M,f : M → imι M,f is a local homeomorphism, obtaining that these spaces are the leaves because they are connected. It also follows thatι M,f : M → imι M,f is a local diffeomorphism for each leaf imι M,f . This shows (ii). Now, suppose ev : M ∞ * ,imm (n) → E is C ∞ with respect to some C ∞ foliated structure G whose underlying topological foliated structure is F * ,imm (n). Then χ : M ∞ * ,imm (n) → V is also C ∞ with respect to G because it equals the composite (6). So each chart Φ = (χ, Θ) : N 2 → B × Z is also C ∞ with respect to G and the C ∞ product foliated structure of B × Z. Moreover, for all complete connected Riemannian manifold
f is a C ∞ local diffeomorphism with respect to the C ∞ structure induced by G on the leaf imι M,f because ev is a C ∞ immersion and ev •ι M,f = f , which is a C ∞ local embedding. Thus the restriction of χ : N 2 → B to each plaque is a C ∞ diffeomorphism. Using again [18, p. 64, Exercise 9] , it follows that Φ : N 2 → B × Z is also C ∞ foliated diffeomorphism with respect to the restriction of G and the C ∞ product foliated structure of B × Z. This shows that G = F ∞ * ,imm (n), completing the proof of (i).
Consider a leaf imι M,f of F ∞ * ,imm (n). Every x ∈ M has an open neighborhood U in M so that f : U → E is an embedding, obtaining that φ(U ) ∩ U = ∅ for all φ ∈ Iso(M, f ) {id M }. Therefore the subgroup Iso(M, f ) ⊂ Iso(M ) is discrete, the quotient projection M → Iso(M, f )\M is a covering map, and there is a unique Riemannian structure on the manifold Iso(M, f )\M so that M → Iso(M, f )\M is a local isometry.
is a covering map, and imι M,f has a unique Riemannian metric so thatι M,f : M → imι M,f is a local isometry, and thereforeῑ M,f : Iso(M, f )\M → imι M,f becomes an isometry.
Proposition 5.14. The above Riemannian metrics on the leaves of F
Proof. Let Φ = (χ, Θ) : N 2 → B × Z be defined by any choice of (V, e, ρ, κ, σ) as above, and let
be a convergent sequence in Z. Letḡ M andḡ i be the metrics on B that correspond to g M and g i by the diffeomorphisms
Mi,fi (B) → B , respectively (see Lemma 5.7). According to the proof of Proposition 5.13-(ii), we have to prove thatḡ i →ḡ M as i → ∞ in the weak C ∞ topology. Given m ∈ N, R, r > 0, for each i large enough, there is an (m, R, λ i , ε i )-pointed local quasi-equivalence 
) .
Like in (10) , there is some ν ≥ 1, independent of i, such that
for all ξ ∈ Ξ (m) . Since the choice of Ξ (m) is valid for all r small enough, it follows that φ
by the obvious version of Lemma 2.1 for maps between manifolds. Since the choice of Ξ is valid for all m, it follows that this convergence also holds in C ∞ (Ξ, M ). Take a compact domain Ω ⊂ M such that B M (x, R) ⊂ Ω and φ * i g i → g M on Ω with respect to the C ∞ topology. We get (φ
on Ξ with respect to the C ∞ topology. Sō
on Ξ with respect to the C ∞ topology. Since every point in B belongs to some domain Ξ as above if r is chosen small enough, it follows thatḡ i −ḡ M → 0 on B with respect to the weak C ∞ topology.
Proposition 5.15. The holonomy covering of any leaf
This proposition follows directly from the obvious version of [1, Lemma 11.9 ] to M ∞ * ,imm (n).
Universality
Definition 6.1. Let X be a sequential Riemannian foliated space with complete leaves, and let L x denote the leaf through every x ∈ X, whose holonomy covering is denoted by L hol x . It is said that X is coveringcontinuous when there is a connected pointed covering (
x for all x ∈ X, it is said that X is holonomy-continuous. 
is isometric to the holonomy covers of the pointed leaves (imι M,f ,ι M,f (x)) and (imι M,f ′ ,ι M,f ′ (x)). Proof. This is an adaptation of the usual argument to show the existence of C ∞ embeddings of C ∞ manifolds in Euclidean spaces [18, Theorem 1.3.4] . Let n = dim X (as foliated space), and let B r = B R n (0, r) and B r = B R n (0, r) for each r > 0.
Claim 3. Let Z be a Polish space, and consider the C ∞ foliated structure on U := B 2 × Z with leaves B 2 × { * }. Let V and W be open subsets of U such that V ⊂ W and W ⊂ B 1 × Z. Then there is some h ∈ C ∞ (U ) such that h = 1 on V and supp h ⊂ W .
Since B 1 is compact, it easily follows that each z ∈ Z has an open neighborhood P z in Z, for some open
Let {λ i } be a partition of unity of Z subordinated to the open cover { P z | z ∈ Z }; in particular, for every i, there is some z i ∈ Z so that supp
It follows that h = i h i λ i satisfies the properties stated in Claim 3. Now, let U be a countable collection of C ∞ foliated charts φ i :
Using the paracompactness and regularity of X, a standard argument gives locally finite open covers, V = {V i } and W = {W i }, with the same index set as U, such that V i ⊂ W i and W i ⊂ U 1,i . For each i, let E i be a copy of E. Take embeddings ψ i : Z i → E i [9, Corollary IX.9.2]. Thus each composite
is a C ∞ embedding with respect to the restriction of F, which will be denoted byφ i . By Claim 3, there are functions
Proof of Theorem 1.5. The Polish Riemannian foliated space M ∞ * ,imm (n) has complete leaves and is holonomycontinuous (Example 6.2-(iii)). Thus any Polish Riemannian foliated subspace of M ∞ * ,imm (n) is also coveringcontinuous (Remark 5-(ii)).
Let X be any covering continuous Polish Riemannian foliated space with complete leaves. By Proposition 6.3, there is a C ∞ embedding f : X → E. With the notation of Definition 6.1, suppose that the covering continuity of X is satisfied with the connected pointed coverings ( L x ,x) → (L x , x) (x ∈ X). Let ι X,f : X → M ∞ * ,imm (n) be defined byι X,f (x) = [ L x ,f x ,x], wheref x is the lift of f | Lx to L x . This map is well defined because the leaves of X are complete. Moreover it is obviously foliated and continuous and it is a topological embedding by the definitions of holonomy-determination and the topology of M ∞ * ,imm (n). To show thatι X,f is C ∞ , take a foliated chart Φ = (χ, Θ) : N 2 → B × Z of F ∞ * ,imm (n) defined by any choice of (V, e, ρ, κ, σ) as above. Let U be the domain of a foliated chart of X such thatι X,f (U ) ⊂ N 2 . Then the composite This claim follows by considering the graph G whose set of vertices is N, and such that there is a unique edge connecting two different vertices, i and j, if and only if B M (x i , r) ∩ B M (x j , r) = ∅. Since there are at most c edges meeting at each vertex according to (ii), G is c + 1-colorable 10 ; i.e., there is a partition of N into subsets, I 1 , . . . , I c+1 , such that there is no edge joining any pair of different vertices in any I k .
Let S be an isometric copy in R n+1 of the standard n-dimensional sphere containing the origin 0. Choose some spherically symmetric C ∞ function ρ ∈ C ∞ (R n ) such that ρ(x) = 1 if |x| ≤ r/2 and ρ(x) = 0 if |x| ≥ r. Take also some C ∞ map τ : R n → R n+1 that restricts to a diffeomorphism B r → S {0} and maps R n B r 9 The notation i F i is used for the Hilbert space direct sum of a family of Hilbert spaces F i ; i.e., the Hilbert space completion of i F i with the scalar product (v i ), (w i ) = i v i , w i . 10 This easily follows by induction, assigning to each i a color different from the colors of the previous vertices that are neighbors of i, which is possible because there are at most c of them (see [3] ). In turn, Question 8.2 can be reduced to the following graph version. Consider only connected graphs with a countable set of vertices, all of them with finite degree. These graphs are proper path metric spaces in a canonical way so that each edge is of length one. Thus they define a subspace G * of the Gromov space M * of pointed proper metric spaces. Decorate such graphs with maps of their vertex set to N. This gives rise to a space G * of isomorphism classes of pointed decorated graphs, like in the case of M ∞ * (n). Let Cl denote the closure operator in G * . For each decorated graph (G, α), let Iso(G, α) denote its group of isomorphisms. There is a canonical mapι G,α : G → G * , like the above mapι M,f . It is said that G is of bounded geometry if there is a uniform upper bound for the degree of its vertices. Question 8.3. For any graph G of bounded geometry, does there exist a finite valued decoration α so that Iso(H, β) = {id} for all decorated graph (H, β) with imι H,β ⊂ Cl(imι G,α )?
There are aperiodic tilings of R (like the Fibonacci tiling), or elements of {0, 1}
Z , giving rise to examples of decorations of the Cayley graph of Z satisfying the condition of Question 8.3 (see e.g. [25] ). If Question 8.3 had an affirmative answer, then, in the proof of Proposition 7.1, we could take a finite valued decoration α of G, and modify the definition of f so that
i (x) if x ∈ B M (x i , r) for some i ∈ I k . This would give an affirmative answer to Questions 8.2 and 8.1.
